Abstract. The second author introduced notions of weak permutablity and commutativity between groups and proved the finiteness of a group generated by two weakly permutable finite subgroups. Two groups H, K weakly commute provided there exists a bijection f : H → K which fixes the identity and such that h commutes with its image h f for all h ∈ H. The present paper gives support to conjectures about the nilpotency of groups generated by two weakly commuting finite abelian groups H, K.
Introduction
Commutativity in a group can be depicted by its commutativity graph which has for vertices the elements of the group and where two elements are joined by an edge provided they commute. Greater understanding of the commutativity graph of finite groups has been achieved in recent years and this has had important applications; see for example [5] .
For a nontrivial finite p-group, it is an elementary and fundamental fact that it has a non-trivial center and therefore each element in its commutativity graph is connected to every element in the center. Now, suppose a finite group G contains a non-trivial p-group A such that every p-element in G commutes with some non-trivial element in A. Does it follow that G contains a non-trivial normal psubgroup? In 1976, the second author proved in [6] results along such lines for p = 2 and formulated the following conjecture: if a finite group G contains a nontrivial elementary abelian 2-group A such that every involution in G commutes with some involution from A then A ∩ O 2 (G) is non-trivial. This was settled in 2006 by Aschbacher, Guralnick and Segev in [1] . The proof made significant use of the classification theorem of finite simple groups. It was also shown that the result applies to the Quillen conjecture from 1978 about the Quillen complex at the prime 2; see [4] .
A configuration which arises in this context is one where the commutation between elements of A and those of one of its conjugates B = A g is defined by a bijection. An approach which we had taken in 1980 to such a weak form of commutativity or permutability was through combinatorial group theory. The following finiteness criterion was proven in [7] . Theorem 1. Let H, K be finite groups having equal orders n and let f : H → K be a bijection which fixes the identity. Then for any two maps a : H → K, b : H → H, Let H and K be isomorphic groups by t : H → K. Then in the above lemma,
where f ′ , g ′ ∈ Sym H # and b ′ ∈ Aut (H); here H # denotes H\ {e} Therefore, g ′ = af ′ b ′ is an element of the double coset Aut (H) f ′ Aut (H). Thus, in order to classify G (H; f ) one is obliged to determine the double coset decomposition Aut (H) \Sym H # /Aut (H). When the context is clear, we refer to f simply by its factor f ′ . Computations by GAP [2] produce the following data for abelian groups of small rank: for A 2,3 , SL(3, 2)\Sym (7) /SL(3, 2) has 4 double cosets; for A 2,4 , SL(4, 2)\Sym (15) /SL(4, 2) has 3374 double cosets; for A 3,3 , P GL (3, 3) \Sym (13) /P GL (3, 3) has 252 double cosets.
The groups G (A p,k ; f ) have the following nilpotency classes and derived lengths.
Theorem 4. (i) Let
, has class at most 5 and derived length at most 3;
is a 3-group of order at most 3 9 and has nilpotency class at most 2.
We discuss a number of other issues. These include the reduction of the number of relations in G (A; f ), finding a bijection equivalent to f which is "closer" to being an isomorphism and also concerning f inducing a bijection between the nontrivial cyclic subgroups of A.
The paper ends with three general examples. The first is G (A, f ) where A is a field, seen as an additive group, and where f corresponds to the multiplicative inverse. The second example illustrates the construction of extensions of G = G (A, f ) which are of the same type as G; this produces metabelian 2-groups having the same order 2 2 k +k−1 and nilpotency class k as χ (A 2,k ), but not isomorphic to the latter group. The third is G = G (A 2,k , f ) where f corresponds to a transposition of A # 2,k .
Extensions of groups
Let H, K be groups having normal subgroups M, N and let H be a transversal of M in H with e ∈ H. Similarly, let K be a transversal of N in K with e ∈ K. We identify H with the quotient group e H M and K with the quotient group e K N . Let f : H → K, α : M → N be bijections both fixing e. Given a bijection γ : M → N (not necessarily fixing e), define f
Then f * is a bijection which fixes e and G = G (H, K; f ) is an epimorphic image
For any group L let ν L denote the exponent of L and γ i (L) the ith term of the lower central series of L.
Clearly, m δ = e if and only if m = e and similarly, m ε = e if and only if m = e. 
In the same manner,
commutes with K and is therefore central in G. Therefore,
Calculate further
We conclude
When V is written additively, the action of h on V can be expressed as
From this we derive the following formulae for the action of H on V :
In other words,
is central. 
is an elementary abelian p-subgroup of rank at most |K| + 1.
3. Metabelian Quotients of G (A, B, f )
It would be interesting to resolve the question of nilpotency of the solvable quotients of G (H, K; f ). In the next result we consider metabelian quotients of G (A, B; f ). 
Proof. In a metabelian group
We have from the relations of G,
As a f and b
1 commute with both a, b 1 , it follows that
We observe that if
Now, we will work in G modulo
In this manner, we have
., b n ] = e and G is nilpotent of class at most n.
The limit n obtained in the proof is clearly too large, especially when compared with available results. Determining the nilpotency degree seems to stem from a more general problem which can be formulated for commutative rings. Problem 1. Let A be a free abelian group of rank m generated by a 1 , ..., a m and let A act on a torsion-free Z-module V . Let n be a natural number. Define
This set corresponds to a choice of a generator for each of the different cyclic subgroups of order n in
Suppose that A acts on V such that U (m, n; f ) = {0}. Prove that the action of A on V is nilpotent. Moreover, that it has nilpotency degree at most 3 for n = 2 and degree at most 2 for n ≥ 3. The small bounds have been confirmed by a number of examples using the Groebner basis applied to Q[a 1 , a 2 , .., a n ] modulo the ideal generated by U (m, n; f ).
Reduction of the presentation of χ (A)
It is interesting to reduce the number of relations in the definition of G (A, f ), particularly for the sake of applications. This is difficult to carry out in general. We treat here the question for the group χ (A). Given a generating set S of A then define χ (A, S; m) = A, A ψ | a, a ψ = e for all a ∈ ∪ 1≤i≤m S i .
The construction χ (A, S; 1) does not conserve finiteness in general. For let A = A 2,2 be generated by S = {a 1 , a 2 }. Then, on defining
we find χ (A, S; 1) = x 1 , x 2 A, where x 1 , x 2 is free abelian of rank 2.
We start with Proposition 1. Let H be a group generated by
Proof. The first two items are shown directly. The last item follows from
Corollary 1. Let A be an abelian group generated by S = {a 1 , a 2 } and let
For abelian groups A of rank 3, the situation becomes less simple.
Proposition 2. Let A be an abelian group generated by S = a i |1 ≤ i ≤ 3 . Then the following equations hold G = χ (A, S; 2):
Proof. On substituting
in (*) of the previous proposition, we obtain
For groups A of odd order the reduction is drastic.
Corollary 2. Let A be a finite abelian group of odd order generated by S and
Proof. Let |S| = m ≥ 3. We proceed by induction on m. By the previous proposition, χ (A; 2) = χ (A; 3). We assume χ (A; 2) = χ (A; m − 1). Then we simply apply our argument to the set Let A, B be isomorphic to A p,3 with respective generators
.
With the use of GAP, we find that the resulting group for p = 3, 5, 7 to be finite metabelian of order p 11 and of nilpotency class 3. We also find that
These results should be compared with those for χ (A p,3 ) which has order p 9 and nilpotency class 2. We go back to the case χ (A p,3 ) for p = 2. 1, 2, 3) is the normal closure of ξ in G and is free abelian of rank 4.
Proof. We will show that K is freely generated by {ξ, ξ ai (i = 1, 2, 3)} and that G acts on it as follows: for {i, j, k} = {1, 2, 3},
We sketch the proof. First, we derive the table
From this table we conclude that the subgroup generated by
is abelian and normal in G. Next, we find
and by permuting the a i 's, the following holds
It is straightforward to obtain the action of G on {ξ, ξ ai (i = 1, 2, 3)}, as described above. 
Fixing a basis
Let A = A p,k be written additively and let B k be the set of bases of A. We will show that for any bijection f : A → A fixing 0, the set B k ∩ B f k is nonempty; indeed,
Example 2. (i)
The following easy example shows that for p odd, a bijection f : A → A may be linear when restricted to each of the 1-dimensional subspaces and may also permute B k , without being a linear transformation. Let A = A p,2 be generated by a 1 , a 2 and define f : A → A by f :
(ii) A map f is anti-additive provided (x + y) f = x f + y f for all x, y such that 0 ∈ {x, y, x + y}. Let F be a field of characteristic different from 3 and such that its multiplicative group F # does not contain elements of order 3. Then, multiplicative inversion defined by f : 0 → 0, x → x −1 is anti-additive. Concerning the first example, the situation for k ≥ 3 is quite different as can be seen from a result of R. Baer from 1939 ( [9] , Th. 2, page 35):
let G be an abelian p-group such that G contains an element of order p n and contains at least 3 independent elements of such order. Then any projectivity of G onto another abelian group H is induced by an isomorphism.
It follows then 
Suppose U = A. There are
non-trivial cyclic subgroups in the quotient group A U . For each such cyclic subgroup, choose a representative P in A and also choose a generator v for each P .
Fix such a P = v . Then, each element in the set
Therefore,
Finally, since
we conclude
and lim p→∞ |Bk∩B 
Permuting the set of cyclic subgroups
The commutation between two elements in a group imply the commutation of the cyclic groups generated by them. For this reason, it is important to consider commutation correspondence between cyclic subgroups.
Let A = A p,k and let f be a permutation of
We will prove that R contains at least
) for each one of these g's. For this purpose, we construct a multi-edge digraph L from R, having vertices the non-trivial cyclic subgroups C i of A and edges (C, C ′ )
in the sense that there are exactly p − 1 edges coming into and p − 1 edges leaving each vertex. We enumerate the vertices of L and let N = (N ij ) be the incidence matrix with respect to this enumeration; that is N ij = l if and only there are a total of l edges connecting the vertex i to the vertex j. Then N is doubly stochastic, as all row and column sums of N are equal to p − 1. A permutation g contained in R corresponds to a non-zero monomial N 1,1 σ N 2,2 σ ...N k,k σ for some permutation σ of {1, 2, ..., k}. 
for all permutations σ of {1, 2, ..., k}. Suppose that the assertion is true for k. We consider N of dimension k + 1. Then, we can assume that there exist an l ≥ 0 such that
If U 1×(l+1) or any row of C l×(l+1) is null then we obtain the desired form. We can also assume that U 1×(l+1) = (..., a 1k ), a 1k > 0. Therefore, we have the (l + 1) × (l + 1) matrix
We have
and therefore
is totally singular; suppose it is the first one.
Then we may assume
...
and we obtain in N a (k − l − m) × (m + 1 + l + 1) block of zeroes where the sum of the dimensions is k + 1. Proof. Let the row sum be s. There exists l ≥ 0 such that
Therefore the column sum of
is (l + 1) s whereas the row sum is at most ls; hence s = 0.
We go back to our graph L and its incidence matrix N which is doubly stochastic with s = p − 1. Then there exists a monomial N 1,1 σ N 2,2 σ ...N k,k σ = 0 and so N i,i σ = 0 for all i. This produces for us a bijection g : A # p,k → A # p,k . By removing the edges corresponding to g, the graph L is reduced to one which is (s − 1)-regular. Therefore, we can produce in this manner p − 1 permutations g. Clearly, if f is an isomorphism on the cyclic subgroups then all the permutations g are equal.
7. Classification of G (A; f ) for A of small rank We treat in this section groups G (A, B; f ) were A, B are finite abelian groups generated by at most 4 elements. Proof. Suppose G is not abelian. Let 1 < r, s < n be minimal integers such that [a, Then the relations a, a f = e in G (A, B; f ) are equivalent to a p , b p being central in G. Therefore, G a p ,b p is isomorphic to the free product C p * C p . Proposition 6. Let A = a 1 , a 2 , B = b 1 , b 2 be homogenous abelian groups of rank 2, both having finite exponent n. Then G = G(A, B; f ) is nilpotent of class at most 2 and its derived subgroup is cyclic of order divisor of n.
Proof. Let us call an element of A which is part of some 2-generating set of A primitive. The non-primitive elements are of the form is a i 1 a j 2 where gcd (i, n) = 1 = gcd (j, n); therefore, their number is (n − ϕ (n))
2 . The number of primitive
The difference between the number of primitive elements and the non-primitives is positive:
Since f is a bijection we may suppose f : a 1 → b 1 . Now, any 2-generating set of A containing a 1 has the form a 1 , a
where gcd (m, n) = 1; there are nϕ (n) such elements a
2 , we may suppose f : a 2 → b 2 .
As f : a
Since a 1 , b 2 commute with a 
,whereas the size of
As the first set is larger than the second, there exist i, j with gcd (i, n) = 1, j = 0 such that f : a Hence,
and there exist 0 ≤ s, t ≤ n − 1 such that
7.1. The groups G (A p,k ; f ) for p = 2, 3 and k = 3, 4. We consider the groups (3, 4, 6 ). Using GAP, we find that there are 4 double cosets in SL(3, 2)\Sym (7) /SL(3, 2), which are represented by the permutations {() , (6, 7) , (6, 7, 8) , (5, 6, 7, 8) } .
Each permutation produces for us a bijection f and a group as in the Further analysis shows that these 4 groups are non-isomorphic.
(ii) The group A 2,4 is treated in a similar manner. We find that there are 3374modulo p. The relations α i , β j = α j , β i hold on the set T , for all integers i, j.
Proof. We calculate only the action of α i1 β j1 :
(a, b) → It is direct to check that the first general non-trivial relation happens for k = 3:
that is, (A 2,k ; f ) indicates that it has the same order as χ (A), but not isomorphic to the latter. Again, this is confirmed by computations in GAP.
